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1 Introduction 



The AdS/CFT correspondence [1] states the equivalence of Af = 4 Super- 
Yang-Mills gauge theory with superstrings on AdS$ x S* 5 . The correspondence 
is extremely interesting as it links the very difficult non-perturbative physics 
of gauge theory to (semi-) classical string/supergravity theory. As such it 
allows to gain new insight into various gauge theoretical phenomena but at 
the same time makes it very difficult to test and prove. 

A real breakthrough in this respect is the discovery of integrability on both 
sides of the duality [2, 3, 4, 5, 6, 7]. On the string theory side it means that the 
(light-cone quantized) worldsheet sigma model is an integrable quantum field 
theory, while on the gauge theory side it manifests itself in the appearance 
of spin chains. 

The question is to find the anomalous dimensions of all gauge theory 
operators as a function of the coupling A = g\ M N c or equivalently to find 
the quantized energy levels of a superstring in AdS$ x S 5 . Perturbative gauge 
theory physics corresponds to the deeply quantum regime of the worldsheet 
sigma-model. 

Although worldsheet QFT and quantum spin chains seem to be com- 
pletely different systems, their solution for large quantum numbers is encoded 
in the same mathematical structure - the Bethe Ansatz [8, 9, 10, 11, 12, 13, 
14]. In particular the S-matrix for the excitations is the same in both cases 
[15] including the overall scalar factor (the so-called 'dressing factor') which 
interpolates between strong and weak coupling, the absence of which was at 
the source of initial apparent disagreements between gauge and string theory. 
The specific form of the dressing factor is now believed to be known through 
a series of works [16, 17, 18, 19, 20, 21] and the first nontrivial coefficient at 
weak coupling was checked by a direct perturbative evaluation [22]. 

In fact it is at the level of determining this scalar factor that the symmetry 
between the spin chain and worldsheet QFT picture is broken as the require- 
ment of crossing symmetry [18] is definitely of a worldsheet QFT origin. A 
further difference from the spin-chain language arises since the Bethe ansatz 
quantization for a quantum field theory necessarily gets corrections due to 
virtual particles traveling around the cylinder [23]. In [25] it was suggested 
that thus necessarily the asymptotic Bethe Ansatz has to fail and that the 
natural magnitude of the corrections is consistent with the interpretation of 
these effects as wrapping interactions - Feynman graphs which encompass 
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the cylinder 1 . The main input of the 2D worldsheet QFT point of view was 
that in principle one expects these finite size effects to be uniquely deter- 
mined from the infinite volume data. This is not so from the point of view 
of spin chains where it is far from obvious how to incorporate such effects, 
e.g. the Hubbard model was used [26] but this could not be extended to the 
full theory with the dressing factor. 

Deviations from the asymptotic Bethe ansatz have indeed been observed, 
mainly at strong coupling [27, 28, 29, 30] but also at weak coupling [32]. Some 
results at strong coupling were rederived [33, 34, 35, 36] using the formalism 
of Liischer corrections adapted to the nonrelativistic dispersion relation of 
the AdS magnons [33]. 

The calculation of finite size effects has another source of interest as 
it is sensitive to the details of the worldsheet theory as in particular all 
kinds of states are allowed to circulate in the loop. Thus questions about 
possible constituents of the fundamental magnons etc. could be tested using 
these methods. This is especially interesting at weak coupling as there one 
would be in a very 'quantum' regime of the string sigma-model. Therefore 
it is extremely interesting to have perturbative results relevant to wrapping 
interactions. Early work on the general structure of wrapping interactions in 
perturbative gauge theory was done in [31]. 

The weak coupling result [32] is however a bit indirect and, for the mo- 
ment, difficult to use, so various groups [37, 38, 39] set out to compute the 
anomalous dimension of the Konishi operator at four loop level - the lowest 
order where these effects may appear. The details of the [37] computation 
appeared in [40]. 

The aim of this paper is to compute the same anomalous dimension of the 
Konishi operator at gauge theory perturbative four loop level starting from 
the worldsheet quantum field theory of the superstring in AdS^ x S 5 using 
its integrability properties. Thus the worldsheet QFT is defined in terms of 
the S-matrix which is a function of the 't Hooft coupling A = gy M N c . The 
leading three orders in A of the anomalous dimensions follow from ordinary 
Bethe Ansatz quantization (which as described above mathematically coin- 
cides with the spin chain Bethe Ansatz). At order A 4 , the effects due to 
virtual particles circulating around the cylinder start to play a role. Unfor- 
tunately, even in the relativistic case, direct analogs of Liischer formulas for 

1 The appearance of these graphs on the gauge theory side as a limitation to the results 
obtained from the asymptotic Bethe Ansatz was pointed out as early as [12]. 
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multiparticle states (the Konishi operator corresponds to a two particle state 
in the spin-chain/ QFT language) are not known. Thus we start from deriv- 
ing such expressions in relativistic theories for which the finite size spectrum 
is known and use these results to conjecture their general form. Then we 
apply the resulting expressions to the concrete case of the two-particle state 
corresponding to the Konishi operator. 

The plan of this paper is as follows. In section 2 we will briefly review the 
asymptotic Bethe ansatz description of the Konishi operator. In section 3 
we will analyze relativistic integrable field theories and extract from them 
formulas for finite size corrections for multiparticle states. In section 4 we 
formulate our general conjecture for the appropriate formula which can be 
applied to the AdS case. Then in section 5, we describe all the ingredients 
needed for using the above formula for the case of the Konishi operator. In 
section 6 we derive the needed S-matrix elements between arbitrary bound 
states and the fundamental magnons. In section 7 we put together all the 
above ingredients and perform the computation for the Konishi operator. We 
close the paper with a discussion and several appendices. 

2 Konishi operator and the wrapping prob- 
lem 

The Konishi operator is the simplest short non-protected operator in M = 
4 SYM which makes it a testing ground for the integrability approach to 
AdS/CFT. The operator is just 

tr$, 2 (1) 

where the <3>i's are the six adjoint scalars. For the purposes of testing inte- 
grability it is more convenient to use two other operators which belong to the 
same super-multiplet and hence have the same anomalous dimension. One 
of these operators is the L = 4 operator from the su(2) sector tr X 2 Z 2 + . . ., 
and the other is an L = 2 operator from the si (2) sector tr D 2 Z 2 + . . .. The 
anomalous dimension can be evaluated using the asymptotic Bethe ansatz. 
For definiteness let us consider the operator in the su(2) sector. It cor- 
responds to a L = 4 spin chain with 2 excitations which we can take to 
have opposite momenta. The value of the momentum follows from the Bethe 
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equation 



where 



6 ~2u(p)-t e [Z) 



W (p) = icot|y / l + 16^sin 2 | (3) 

and e 2%e<<p ~ p ^ is the dressing phase which, when evaluated to leading nontrivial 
order (for p — 2n/3) is 

e 2i6(p,-p) = e -8-9V3((3)ig 6 ^ 

The Bethe equation can be solved iteratively for the momentum 

2vr A7 2 4 72^ + 8-9^(3) 6 , 
P = y - v 3g + —g + ... (5) 

which when inserted into the magnon dispersion relation 



E(p) = y 1 + 16^ 2 sin 2 | (6) 

gives 

Esethe = 4 + 12g 2 - 48g 4 + 336g e - (2820 + 288((3))g 8 + . . . (7) 

This answer agrees with explicit perturbative computations up to three loops 
(g 6 ). At four loops qualitatively new types of perturbative contributions 
arise - the so-called 'wrapping interactions' which are not included in the 
asymptotic Bethe ansatz. The appearance of these new contributions make 
it impossible to proceed to strong coupling within the asymptotic Bethe 
ansatz for short operators. 

We will isolate the wrapping interactions as deviations from the Bethe 
ansatz answer (7) thus we will split the total dimension of the Konishi oper- 
ator as 

E -E'Bethe ^wrappingE (8) 

In the next two sections we derive the necessary formulas for computing 
leading finite size effects for multiparticle states and we will return to the 
Konishi operator in section 5. 
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3 Finite size corrections for multiparticle states 
- relativistic theories 



The leading finite size energy correction for excited states was first analyzed 
by Liischer in [23] using diagrammatic techniques. He concluded that a 
standing one particle state acquires exponentially small corrections in the 
volume. These corrections can be split into two parts: The so called F-term 
includes the forward scattering amplitude: 

Am F (L) = -m |°° ^ coshtf £(5#(y + 0) - l)e~ mLc ° she (9) 

while the \i term contains its residue: 

Am,(L) = -J2 0« ~ K 2 - m 2 c M b (-i)ResS:l(9) e'^ L (10) 

b,c 

where \i c ah is the altitude of the mass triangle with base m c if c appears as a 
bound-state of a and b, otherwise zero. Contrary to this exponentially small 
corrections the leading finite size effect of multiparticle states come from the 
modification of the particles momenta p a = m a sinh# a . It originates from 
consecutive scatterings on the other constituents: 

e tm » ML l[S%(9a-e b ) = l ; £({0 a }) = X> a cosh0 a (11) 

b 

These equations are called the Bethe-Yang (BY) equations and describe 
the power-like corrections to the multiparticle energy levels exactly. But 
of course, what we are really interested in are deviations from the result 
given by these Bethe-Yang equations. Indeed there are exponentially small 
corrections as well and the aim of this section to present a general form for 
their leading part. A proper derivation would be to adopt Liischer 's original 
diagrammatic method, but since it is too involved and is beyond the scope 
of this paper, we analyze certain exactly solvable relativistic quantum field 
theories for which the spectrum at finite size is known exactly. 

We systematically expand the excited states TBA equations of the sinh- 
Gordon model 2 [42] for large volumes from which we conjecture the general 

2 This is technically easier than considering the SLYM model for which the excited state 
TBA was first derived in [41] as there are no complications with bound states. 
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form of the correction. This is then subject to various checks by comparing 
to the excited states TBA of the Lee- Yang model on one side [41] and to 
the excited state NLIE of the sine-Gordon model on the other. Finally we 
provide our conjecture for non-relativistically invariant theories like AdS. 



3.1 Excited TBA equations, conjecture for the finite 
size correction 

In this part we recall how the finite volume energy levels of the sinh-Gordon 
model can be described exactly following [42]. The sinh-Gordon theory is 
one of the simplest integrable quantum field theory. It contains one type of 
particle of mass m whose factorized scattering can be described in terms of 
the two particle scattering matrix 

sinh 9 — i sin Bn , . 

S(0) = — — — ; B > 12 

v ; sinh 9 + % sin Btt ' K J 

An N particle state in volume L is labeled by a set of integers {ni, n 2 , . . . , un} 
and its energy can be computed as follows: First one has to solve the non- 
linear integral equation for the pseudo-energy 



f OO 7 fx 

e(9) = mL cosh 9 + V log S{9 -6,-—)- / — <f>(6 - 6') log(l + e^) 

' 2 J_ 00 2tt 

(13) 



with 



where the particle rapidities 9j are determined self-consistently by the sin- 
gularity 1 + e~ € ^ = via the prescribed integers {nj} as 

171 

e(9 3 + -) = t(2n, + l)n ; j = l,...,N (15) 

Once the pseudo-energy and the rapidities are known the energy of the mul- 
tiparticle state is given by 

N f°° c\9 

E {nj} (L) = mJ2 coshe i ~ m / — cosh^ log(l +e~ e(e) ) (16) 
j=i ^ 7r 
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If we do not include any particles we recover the TBA equation of the ground- 
state [43]. We now turn to analyze the large volume behaviour of the energy. 
For this we solve the TBA equation by iteration and extract the leading finite 
size corrections. 



Finite size correction for the ground-state 

Let us start with the ground-state. If L is large we can approximate the 
pseudo-energy by neglecting the exponentially small convolution term as 

e(9) =mL cosh 9 + ... (17) 

By inserting this into the energy formula we obtain the leading finite size 
corrections to the ground-state in the form 

— coshfl log(l+e- mLcoshe ) « -m / — cosh#e- mLcoshe 
-oo 27r J-oc 2vr 

(18) 

Finite size correction for a moving one-particle state 

A moving one-particle state is specified by its quantization number n from 
which its momentum can be calculated by solving the TBA equation. In 
making the large volume expansion we have to be careful and take into 
account one more iteration in order to determine the pseudo-energy to the 
accuracy needed: 

■iir f°° df)' ITT l 

e(9) = mL cosh fl+log S{9-9 )- / — (f){9-9')S{— + o -6') e - mLcosh9 

2 J-oo 27T 2 

(19) 

The rapidity #0 is fixed by e(#o + y) = i(2n+l)ir which in this approximation 
reads 



d9 , M . „ .'s ~M „ -mLcoshe' 



mL sinh o +5$ = 2mn ; 5$ = i ^<t>{ir+9 -9 )S(—+9 -9 )e 

2ti 2 2 



—00 



(20) 

By looking for the solution in the form 9q = 9 n + 59 we can see that the free 
momentum quantization (the BY equation): 

mL sinh $ n = 27m (21) 
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is also affected by the finiteness of the volume. The rapidity is shifted by an 
exponentially small amount which reads 



r-OO 

59 

cosh u n j - x 



r ^L sinh e' S (- -e n + e')e- mLcoshe ' (22) 

h6» J -00 2tt 2 



The energy correction comes from two places: from the modification of the 
rapidity and also from the leading term in the pseudo-energy 



mL coshS 



f°° d9 in 
E^ n y(L) — mcosh9 n +59msmh9 n —m / — cosh# S( — +9 — 9 n )e~ 

J -oo 2 71 " 2 

(23) 

Subtracting the contribution of the vacuum and using the explicit form of 59 
we can write 

E {n} (L) - E (L) = mcosh9 n 

_ m r* de coMe-e n) f s{ ™ +e _ k) _ A e - mIrah , (24) 



N 



27T cosh6L V 2 



Clearly for a standing particle n = there is no change in the momentum 
#o = 9 = and we recover the F-term of the Liischer correction. (Since 
in the sinh-Gordon theory there is no bound-state the \i term is absent). 
Moreover, for generic states we can confirm the result of [38] and [33]. 

Finite size correction for multiparticle states — diagonal scattering 

The pseudo-energy for a multiparticle state at the order needed can be solved 
iteratively: 

e{9) = mL cosh^ + ^ \ogS(9-9j - ^) 

Z 

j 

j°° ^0 _ e')Y[S(^ + 9 j - 9')e- mLcoshe ' + ... 

It gives rise to the quantization condition for each rapidity 9k as 
(2n k + l)m =e(9 k + — ) = imL sinh 9 k + in + log S(9 k — 9j) 

- /_~ + k - 9') 5(| + 9 3 - 9' )e -^e' (25) 
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The first part is the usual Bethe-Yang quantization condition 

2n k n = BY k (e u ...9 n ) = mL sinh 9 k - i ^ logS{9 k - 6j) (26) 

while the second shows the effect of the non-trivial vacuum of the finite 
volume and shifts the rapidities via modifying the BY equation: 

2n k n = BY k (6 1 ,...e n ) + 6Q k 
5^ k = </°°^(y + e k -Gf)Y[S(^ + ^,-^V mLcoshe ' (27) 

Since 5§ k is exponentially small we can parameterize the rapidities as 9 k = 
9 k + 89 k and express their change via 

(28) 

Here (jj^j is the inverse of the matrix ^Jp^. The latter one is the Ja- 

cobi matrix of the change of variables between the finite and infinite volume 
multiparticle basis. The full energy correction comes from two places: from 
the shift of the rapidities and also from the large volume asymptotic of the 
pseudo-energy: 

E(L) =J2 m cosh ®k - m sinh h i^w^) 5 ® j+ 

k j,k ^ J ' 

/°° r!9 i-K 
— coshtf Y[S(— + 9 - 9 k )e- mLcoshe (29) 
-oo 27T k 2 

We conjecture the equations (27-29) to be universal, valid in any two 
dimensional integrable field theory with given scattering matrix. If the scat- 
tering matrix admits poles in the physical strip corresponding to bound-states 
then we have to sum the residues of the F-terms over the poles (9*) of the 
scattering matrices in the strip < 3m(0*) < |. For instance in the Lee- 
Yang model, whose scattering matrix coincides with the sinh-Gordon one for 
its non-physical value (B = — |), we have such a pole. Then, additionally 
to the integral terms in eq.(27) and eq.(29) we have extra terms correspond- 
ing to the residues of the integrands. By expanding the excited states TBA 
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equations for the Lee- Yang model [41] in the same fashion as we did for the 
sinh-Gordon theory we were able to confirm both eq.(27) and eq.(29) together 
with the appropriate residue terms. 

The physical interpretation of the integral term in (29) is clear. A pair 
of particle and anti-particle appears from the vacuum, they travel all over 
the world, scatter on the multiparticle state and annihilate on the other 
side. This virtual process not only changes the energy but also modifies the 
quantization condition, although not in an apparent way. 

It is very natural to extend our conjecture to theories with more species 
of particles and diagonal scattering. In such theories the Bethe quantization 
condition reads 

N 

2n k 7i = BY k (9i, ...6 N )= m ik Lsmhd k - i £ log S iki .(6 k - 9j) (30) 

in an obvious notation. Then following the philosophy of the sinh-Gordon 
model we expect these quantization conditions to be modified at leading 
order as 

2n k ir = BY k (9 1 ,...9 n )+5$ k 

^ = |^ l0gS - ( f + 9k - ^ + & > - 0')e- mL ^' 

(31) 



where we summed up for all particles in the spectrum, since we expect the 
appearance of any type of particle anti-particle pairs. We parameterized the 
momenta as before k = 9 k + 89 k and express 89 k to leading order: 89 k = 

— ^ & ^J k j 8&j- The full energy correction again comes from two places: 
from the shift of the rapidities and also from the large volume asymptotic of 
the pseudo-energy: 

E(L) = ^ m i k cosh Ok ~ ^2 mi k sinn ® k \ 

k j,k ^ 3 ' 

- m * E T- C ° Sh6 II S ^ + 9 - e 3 )e~-^ (32) 

This proposal can be subject to several checks in theories where the exact 
energy levels are known. For instance we can analyze the generalizations of 
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the Lee- Yang model namely the T n systems which are perturbed minimal 
models M.2,2n+i + 0i,3 and for which excited TBA equations are available 
[45]. Indeed we checked by expanding the excited state TBA equations of 
[45] that the F-terms which change the BY quantization and which changes 
the energy are both correct. Moreover by shifting the contour 9 — > 9 + y 
we computed residues of the integrals. We observed that for a standing 
particle the contributions corresponding to n c ab and ix b ac cancel each other if 
m 2 a < \ml — m 2 \, and adds up in the opposite case providing the correct fi 
term in the Luscher formula. The physical picture one can associate to this 
term, is that particle a decays into particle b and c which travel all over the 
world and then fuse back again to particle a. Clearly in this picture both 
particles b and c have to travel forward in time and this is exactly what is 
expressed by the inequality m 2 a > \mi — m 2 c \. 

There is a recent proposal for the \x -term (for symmetric fusion) of the 
energy correction for multiparticle states [46]. It consists of two terms, one 
describes the modification of the BY quantization condition, while the other 
the correction to the energy. By shifting the contour in our formulas we were 
able to recover the result of [46] providing further evidence for both. 

Although in the sine-Gordon theory the scatterings are in general non- 
diagonal we could find a subsector when our formulas can be tested. In 
the repulsive regime, (when we have no bound-states), we can consider an 
TV particle state built up purely from solitons. They scatter diagonally on 
each other and are described by holes in the NLIE [47, 48]. By expanding 
the NLIE equation in a similar manner we did for the sinh-Gordon TBA 
system we were able to confirm our formulas (30,31) for this special case. 
Moreover, by analyzing more complicated states we have gained some hints 
to the generalization for non-diagonal scatterings. 

4 Finite size corrections for multiparticle states 
- non-diagonal scattering and the AdS case 

In this subsection we formulate our conjecture for non-diagonal scatterings. 
First we suppose that the whole multiplet of particles has the same mass. 
The basic difference compared to the diagonal case is, that for an N par- 
ticle state labeled by the rapidities 9 = {9i, . . . ,9 N } the consecutive scat- 
terings non only changes the momenta but also mixes the particle indexes 
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a = {di, . . . , ajv}. Thus we have to diagonalize the multiparticle scattering 
matrices to obtain the quantization condition 

Here we introduced a family of transfer matrices commuting for different 
values of the auxiliary rapidity 9: 

T(9\9) b a = (-1) F S££(*, *2) • • • 9 N ) (34) 

which, thanks to unitarity 5^(0) = (— 1) F 5^, reduces to the multiparticle 
scattering matrix for 9 = 9 k . Here F is the fermion-number operator. The 
matrices T(9 k \9)\ for different 9 k commute with each other and each of their 
common eigenvalues corresponds to a multiparticle state. The rapidity of 
the particles in the eigenstate can be computed from the equation 

2n k 7r = mL sinh 9 k + 5(9 k \9) = BY k {9_) (35) 

Now thanks to the experience we gained by analyzing the exact multiparti- 
cle energy levels in the sine-Gordon theory together with the result of the 
diagonal case we conjecture the modification of the BY equation to be 

2n k n = BY k (9_) + 5$ k ; 5$ k = f°° f A e *» e -^> (36) 

Here we introduced the rapidity of the mirror theory 9 = 9 + y and the 
mirror energy e(9) = —ip{9) = — imsmh(9). See [25] and [49] for the details, 
how the mirror theory appears from TBA type considerations. The expo- 
nentially small shifts of the rapidities turn out to be 59 k = — ^ & ^J k j S&j- 

Thus the full energy correction to the multiparticle energy E = J2k e (@k) = 
J2 k m cosh(#fc) can be written as: 

* £) _ ? «„_£^(^ W ,_£g3^* ( 3T) 

k j,k 

where we used the mirror momentum p = m sinh 9. 

In generalizing to the AdS case we have to take into account its non- 
relativistic behaviour and take care of the following properties: The scatter- 
ing matrix depends separately on each of the momenta. The mirror theory 
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whose excitations cause the correction both in BY and the energy are differ- 
ent from the theory itself, moreover we have an infinite tower of bound-states 
of the fundamental particles. In view of these we formulate our conjecture 
for the simplest case when there is a type of particle in the spectrum which 
scatters on itself diagonally (which is the case for a magnon in one of the 
closed sectors say su(2) or si (2) ). If we denote its label by a then the 
eigenvector of the transfer matrix is simply ^ a ...a — 1 and all other elements 
are zero. The eigenvalue of the transfer matrix is 



;PN, 



= [S a a r a (P,Pi)SZ(P,P2) ■ ■ ■ SZI&Pn)} (38) 



As a consequence the BY condition reads as 



2n k ir = BY k (p u ...p n )+ = p k L - ilog 



\{SZiP^Pj) 



5$ k (39) 



We conjecture the correction to these equations to be 



-€a 1 (p)L 

(40) 

We also replaced d 9k S(9 — 9 k ) with —dgS(9 — 9 k ) before switching to p. With 
this choice we could recover the one-particle result of [33]. 
The final correction then reads as 



E(L) = J2<P k )~J2 



de{p k ) (5BY h 



dp k \ 8p 



dp x - 
2^ ^ 



ai,...,ojv 



[SZ a a {p,Pl)SZ a a{P,P2) ■ ■ ■ SZ a a(P,PN)} 

(41) 



Here we explicitly wrote the summation to make clear, that what appears in 
the finite size correction is in fact a supertrace and also that the indexes can 
change via the scatterings. 

It seems plausible that by shifting the contour we can pick up the /i terms 
of the correction. For related issues see also the derivation of the \i term for 
a moving one particle state [33]. As far as the physical interpretation is 
concerned we have to keep those poles where the decayed particles travel 
forward in time, that is the real part of their energies are both positive. 



14 



In [44] a proposal was presented for the multiparticle Liischer correction 
based on a detailed analysis of the Hubbard model. It is close in spirit 
to [46] since the authors analyzed the \x term coming from the composite 
structure of the particle. From this they conjectured the finite size correction 
coming both from the modification of the Bethe Ansatz and from the effect 
of the sea of particles and anti-particles. They formulated these corrections 
in terms of the supertrace. The details in the general case are, however, 
somewhat different. We conjecture our formula to contain all the leading 
exponentially small corrections coming from single particle contributions of 
the mirror theory. 

5 Ingredients for the computation of the Kon- 
ishi operator 

Let us now analyze the formula (41) from the point of view of its possible 
application to evaluate the leading wrapping corrections at weak coupling 
that appear at four-loop order. This might seem surprising at first glance 
as the Konishi is a very short operator of length L = 4 (or even L = 2 for 
the si (2) representative). However as already advocated in [25], the specific 
dispersion relation of the magnons gives the estimate 



which for L = 4 indeed gives the expected four-loop order g 8 . However 
those considerations did not control coupling constant dependence of the 
prefactor, as well as the precise definition of the length L (equal to the 
circumference of the string worldsheet cylinder). In fact since the Liischer 
formula can be justified solely on the string theory side, because only then 
we are dealing with a 2D quantum field theory, the length L that should be 
used is determined by the choice of light cone gauge for the string worldsheet. 
The simplest choice is to identify the length L str i n g with J. Then since for 
the Konishi J = 2 we have L str i n g = 2 and from (42) we would have g A . The 
remaining factors would then have to come from the ^-matrix in the 'string 
frame' [50]. Thus even the precise leading order of the wrapping correction 
is not self-evident. 

Another subtlety which one has to take into account is what states one 
should take to circulate in the loop. At strong coupling it is enough to 



e 




(42) 



(l + q 2 ) L 
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consider just the fundamental magnons since the contribution of bound states 
is suppressed w.r.t the contribution of the fundamental magnons. This is not 
the case at weak coupling, were due to the dispersion relation 



So we have to sum over all Q. In order to perform the computation we have 
to know the full scattering matrix of all bound states with the fundamental 
magnon. This is known explicitly only in the case of the fundamental magnon 
(Q — 1) and for the BPS bound states with Q = 2 [51]. In section 6 we will 
derive the general >Sq_i matrix. 

There is a final important problem which appears to be novel in the AdS 
case. It is well known that the physical bound states in the conventional 
theory are the ones appearing in the su(2) sector [52, 53]. The potential 
bound states which would be associated to poles which appear in the si (2) 
sector do not satisfy the physicality condition hence should not be considered 
as part of the spectrum. Yet when one considers the mirror theory (which 
exactly corresponds to the kinematic regime of the Liischer F-term) it turns 
out [49] that it is the si (2) poles which satisfy the physicality condition in the 
mirror theory. These states are quite different since they belong to different 
representations of su(2|2) - the su(2) bound states lie in the symmetric, 
while the si (2) ones lie in the antisymmetric representation. Hence we 
should decide which of the bound states should be taken into account when 
computing the Liischer F-term. Our conclusion is that one should take into 
account the si (2) bound states. This is in fact quite natural from the TBA 
perspective, since in that approach one computes a partition function in the 
mirror theory 3 . In appendix D, for comparison we present the results of a 
corresponding computation using the su(2) states. 

We will derive the S-matrix for scattering the antisymmetric states with 
the fundamental one in the next section. 

3 Although one has to keep in mind that such transparent physical picture exists only 
for ground state TBA. 




(43) 



the contribution analogous to (42) is 



(Q 2 + q 2 ) 



j 



(44) 
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6 S-matrix for symmetric and antisymmetric 
representations 

The S-matrix for the scattering of bound states with the fundamental magnons 
involves two basic ingredients: the matrix structure for all the polarization 
states of both particles and an overall scalar factor. The scalar factor can be 
fixed by specializing to the relevant closed subsector and fusing the bound 
state scattering from its elementary constituents (this has already been done 
for the su(2) bound states [54]). Then the matrix structure can be found 
using the superfield formalism of [51]. We will describe now both of these 
ingredients. 

We will use the notation z ± for the bound state parameters satisfying 

z + + — -z = — 45 

z+ z~ g 

while the parameters of the fundamental magnon will be denoted by x ± . 
They satisfy 

x + + — -x = - (46) 

x + x~ g 

Scalar factors 

The overall scalar factor for bound state scattering in the su(2) sector has 
been found in [54, 55]. A convenient formula written directly in terms of 
the z ± parameters of the bound state and x ± parameters of the fundamental 
magnon was found 4 in [54]: 

qsu(2), ± ±s _ Z + -X 1 - Z + - X + 1 - ~4+ / 47 N 

{Z ' X ] - z--x+\--± T ' z--x-\--L- (47) 

Z X + Z X 

This has to be supplemented by the dressing factor but it will not be impor- 
tant for our computations at weak coupling 5 . 

For the bound states of the mirror theory, the story is more complicated. 
It can be constructed completely algebraically by fusing the S-matrices of 



4 But note that the S-matrix there is the inverse of ours 

5 Note however that due to the mirror kinematics of one of the two particles, the dressing 
factor scales as exp(cg 2 ) instead of exp(cg 6 ). 
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the scattering of the constituents of the si (2) bound state (z = z 1 ,z±), 
(z 2 = zf,z£ = z + ), etc. with the fundamental magnon (x~,x + ): 

S s ^i(z\x±) = f[sS(zt,x±) (48) 
i=i 

with 

z~x+ 

In contrast to the su(2) case the result (48) depends on the choice of the 
constituent magnons. Since the physical sheet is not known for the AdS 
S-matrix (see [51] for related issues) we will adopt the choice for which the 
constituents have the maximal number of parameters which scale as 1/g and 
only the first zf ~ g. This choice is consistent in the sense that all but one 
of the constituents in the limit g — > get close to the real axis. So they are 
considered to be physical at the same time in the sense of [53]. Depending 
on the choice of physical regions [49] identified one, two or 2 Q_1 boundstates 
in the spectrum. We used only the one mentioned above but it would be 
interesting to elaborate further the other choices, which might shed some 
light on the nature of the physical domain. 

The matrix part 

Once we fix the scalar factor by the fusing relations for the closed sectors 
we have to normalize the matrix part of the S-matrix to be 1 for the '11' 
component in the case of the symmetric representation, and for the '33' 
component in the case of the antisymmetric one. 

The aim of this part is to calculate the scattering matrix of the fun- 
damental magnon with the magnon of charge Q. In [51] this program was 
elaborated for the Q = 2 case and symmetric representation corresponding to 
bound states in the su(2) sector. Here we use their conventions and extend 
their results first for arbitrary Q and 1 — Q scattering, and then we will ob- 
tain analogous results for bound states in the antisymmetric representation 
corresponding to the si (2) sector 6 . 

6 Recall that these are the physical bound states in the mirror theory. 
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All of these particles belong to BPS representations of the supersymmetry 
algebra sw(2|2). The algebra is defined by 

[Ll j c \ = 5% - U b j c [L b a , r] = -s c a j b + U b a r 

[Rl J 7 ] = 5?J a - ±<£j 7 [i& P\ = -P a jf> + \biP 

{Qa> Q b p] — £a/3£ ab C {Qa°, Qb^} = ^ab^C + 

where the central charges are expressed in terms of the momentum as 

C = ig(e iP - l)e 2l « ; C = -ig(e~ iP - l)e~ 2 ^ (50) 

Two types of representations will be important: the atypical totally symmet- 
ric and the totally anti-symmetric one. Both have dimension 4Q, and their 
specification for Q — 1 give the fundamental representation. 

The totally symmetric representation can be realized by homogenous sym- 
metric polynomials of degree Q of two bosonic (wi,w 2 ) and two fermionic 
(#3, #4) variables. The symmetry operators on this space are represented by 
differential operators 



d 1 q 

d d 
Q a a = a9 a — + bt ab t aP w b — 
dw a dOp 

where 



Qa a = dw a ^ + ce^e ab e J- 

06 ' OWf, 



-77 ; b 



' g ie l2 ^ z + 



-2i£ 



Q r] z y Q z + y Q IT] z + 

(51) 

In accord with the previous notations in specializing the representation for 
Q — 1 we replace z by x. There is a preferred choice for rj leading to unitary 
S-matrices given by 



77 = e^e± p \/iz~ — iz + 



(52) 



The representations of the su(2\2) algebra are characterized by £ and p and 
we denote the corresponding representation by V Q (p,e t2 ^). The scattering 
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matrix acts as 

Sn-m(pi,P2) : V N ( Pl ,e^)®V M (p 2 ,l) — V N {p u l)®V M (p 2 ,e^) 

(53) 

and commutes with the symmetry charges (J): 

Si- Q (pm) [Jipue^) + J( P2 , 1)] = [J( P1 , 1) + Jfae™)] 5 1 _ Q (p 1 ,p 2 ) 

(54) 

Let us start from the N = 1 and M = Q case. Interestingly the tensor 
product is irreducible 

V 1 <g> V Q = W Q+1 (55) 

According to Schur's Lemma the invariance fixes the scattering matrix up to 
a scalar factor. It is instructive to use the su(2) ® su(2) subalgebra generated 
by L and R to parameterize the S-matrix. The representations in the tensor 
product above decomposes as 

(yh v° + V° <g> \/5)(\/ 2 <g> V° + V 3 ^ ® V* + <g> V°) = 

Q+l n Q-l n Q 1 Q-2 1 

= \/— ® y° + 3y— <g> y° + 2y t <g> \/5 + 2V— <g> \/2 

O-l i Q— 3 n 

+ \/ 2 ® v 1 + V* <g> \/° 

Since the S-matrix commutes with the su(2) generators it has to be in the 
form of su(2) ® su(2) invariant differential operators 

St ym Q = a\A\ + J] «?'Aj + E <^ + E a ' A 5 + °9 A 9 + «M (56) 

jj=2 i,j=5 i,j=7 

where the projectors are written in the form A* = v l Dj. In Appendix A we 
list the specific choice that we made. 

As described in the beginning of this section our choice of overall scalar 
factor fixes the coefficient 

a\ = 1 (57) 

The remaining coefficients are given in Appendix B. 

Since in the formula for the F-term we need the Sq_i and not the Si_q 
S-matrix, we can use unitarity to relate the two matrices. Using eq. (3.34) 
in [51] we find that this amounts to exchanging x + <-> x~ and z + <-> z~ in 
the formulas for the coefficients. 
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Now we turn to the analysis of the totally antisymmetric representations. 
It can be realized by homogenous symmetric polynomials of degree Q of two 
bosonic (ws,W4) and two fermionic (^1,^2) variables. The symmetry charges 
act like the ones in the symmetric representation except that we have to make 
the w <-> 6 replacement. The scattering matrix denoted as S^ t Q ym (pi,p2) 
can be parameterized as 

ganUsym = ^1 + £ ^ + £ ^ + ^ ^ + ^9 + gl^lO (53) 
i,j"=2 ij=5 ij'=7 

where A can be obtained from A by changing the labels 1 3 and 2^4. 
This effectively interchanges the role of Q and operators in the previous 
computation so in the final formula one has essentially to interchange a with 
d and b with c. In order to see how this operation acts on the coefficients 
expressed in terms of x ± and z ± one can use the fact that a = d* and b = c*, 
(with the choice made in (52)), so that this amounts to complex conjugation. 
Hence in the final formulas it will be enough to interchange x + <-> x~ and 
z + <-> z~ . 



7 The Konishi computation 

Let us now put together all the ingredients which enter the computation of 
Liischer F-term adapted for the two particle state. The \i term is absent in 
the weak coupling (g — > 0) limit, since the fundamental particle with energy 
e = 1 + . . . cannot decay into two other particles with 6q 1 — Q\ + . . . and 
€q 2 = Q2 + ■ ■ ■ such that the charge is conserved Q\ + Q2 = 1 and the 
decayed particles propagate forward in time (Ke(eg 1 ) > and 3?e(egJ > 0). 
Thus we need only the F-term. The terms responsible for the modification 
of Bethe quantization conditions turn out to be of higher order in g therefore 
our formula takes the form 

AE wrappmg = ^J2 JjQ (jr) 2 E(- 1 ) Fft [Sq-i(*W)Sq-i(^4)]S 

(59) 

The summation over Q is here over the fundamental magnons and all bound 
states of the mirror theory which are in the antisymmetric representation. 
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The forward matrix element 



5>i) F > ^q-i(^,^)^-i(^,4)]S;j (so) 

b 

is evaluated in terms of the coefficients of the S-matrices in Appendix C. 

The xf and xf are the rapidities of the magnons constituting the Konishi 
operator. Their weak coupling expansion are obtained from 



x ± (p) = -!- (cot | ± (l + ^Jl + 16g 2 sin 2 



V 



(61) 



so xf = x ± (p) and xf = x ± (—p) with p being the momentum (5). To 
obtain the leading piece it is enough to use just the leading expression for 
the momentum p = 27r/3. The rapidity parameters of the mirror bound 
states follow from expanding 



± Q ( I, , 16^ _ 1 \ f q 



z± -r 9 {-f + Q^^){-^- ! ) (62) 

Using these expressions we find immediately the exponential piece: 

16gA +... (63) 



(Q 2 + q 2 ) 2 

The forward matrix element factorizes into the scalar part and a matrix part. 

The scalar part is obtained by fusion from (48) using for z{ the value z~ 
above, taking Zq to be equal to z + , and calculating z£ from 



^'^ + W(^ + H) 2 - 41 (64) 

The intermediate z^ are determined from the pole condition z^ = z^_ v The 
final result for the scalar part is 

s scaiar,si(2) _ 3g 2 - 6iQq + 6iq - 3Q 2 + 6Q - 4 
Q_1 ~ 3q 2 + QiQq - Qiq - 3Q 2 + QQ - A 

16 , . 

(65) 



9g 4 + 6(3Q(Q + 2) + 2)q 2 + (3Q(Q + 2) + 4) 
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The matrix part can be evaluated using the formulas (78-82). The result is 



„matri X ,si(2) = 5184Q 2 (3g 2 + 3Q 2 - 4)V 
Q ~ x ~ (g 2 + Q 2 ) 2 ((3g-3*Q + 3*) 2 -3) 2 1 } 

Let us note some features of this result. Firstly, it is of order g 4 so effectively 
the length is increased from J = 2 to L = 4. Secondly, although we are 
evaluating the leading behaviour at weak coupling we cannot use the 1-loop 
S-matrix as it stands since the mirror particle has z~ ~ g and z + ~ 1/g 
which modifies some pieces of the S-matrix. Thirdly, although the S-matrix 
has to be derived separately for Q — 1, Q — 2 and Q > 3, the forward 
S-matrix element has a uniform expression as a rational function of Q. 
Putting the above expressions together we obtain 



-1 8 147456Q 2 (3q 2 + 3Q 2 - 4) 5 



■9 - 



2tt j ( g 2 + g 2 )4 (9g 4 + 6 (3(Q_ 2 )Q + 2)g 2 + (3(Q-2)Q + 4) 



9q 4 + 6(3Q(Q + 2) + 2)<? 2 + (3Q(Q + 2) + 4) 2 



2^ 



(67) 



which has to be integrated over the real line of q and summed over Q. One 
can easily evaluate the integral by residues. It is convenient to present the 
result using a partial fraction expansion for a part of the answer: 

num(Q) 864 1440 



(9Q 4 - 3Q 2 + l) 4 (27Q 6 - 27Q 4 + 36Q 2 + 16) + Q 3 Q 5 
where the numerator num{Q) is given by 

num(Q) =7776Q(19683Q 18 - 78732Q 16 + 150903Q 14 - 134865Q 12 + 

+ 1458Q 10 + 48357Q 8 - 13311Q 6 - 1053Q 4 + 369Q 2 - 10) (69) 

We now have to sum eq.(68) over Q running from 1 to oo. The two last terms 
directly give 864£(3) — 1440^(5), while the remaining complicated rational 
function sums up to an integer. So the final answer for the wrapping cor- 
rection at 4-loop coming from the finite size effects in the worldsheet string 
QFT is 

A wrapP in g E = (324 + 864C(3) - 1440C(5))(? 8 (70) 

Let us emphasize that the fact that such a simple transcendent ality structure 
appeared is far from obvious. The key point is that the very complicated 
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rational function part of (68) sums up exactly to an integer. In appendix D we 
describe a similar computation using the conventional 'su(2) ' bound states 
in the symmetric representation and there an analogous rational function of 
Q generates a lot of ip functions, ir 2 which do not seem to simplify. 

Let us compare our result with the result of ref. [40]. Their result ex- 
pressed as a correction to the asymptotic Bethe result is 7 

^ w e ra^l 9 E = (324 + 864C(3) - 1440C(5))/ (71) 

thus giving an exact agreement between the gauge theory perturbative com- 
putation of [40] and the worldsheet string sigma model computation of the 
present paper. We will comment on its possible implications in the Discus- 
sion. 



8 Discussion 

In this paper we have derived generalizations of Liischer formulas for multi- 
particle states by examining the structures appearing in integrable relativistic 
theories solvable in finite volume using the techniques of the Thermodynamic 
Bethe Ansatz (TBA). The novel feature which appears is the modification 
of Bethe quantization conditions which effectively changes in a slightly non- 
intuitive way the formula for the 'F-term'. The counterpart of the '/x-term' 
follows by taking residues. 

Then based on the intuition gained from the relativistic formulas, as well 
as comparison with generalized Liischer formulas for single particle states 
derived in [33], we proposed a generalization of these multiparticle Liischer 
formulas to the AdS case. 

Using the proposed formulas we considered the Konishi operator and 
derived the four-loop wrapping contribution to the anomalous dimension. In 
doing so we had to sum over an infinite set of bound states of the mirror 
theory which lie in the antisymmetric representation and correspond to the 
si (2) sector. This is rather surprising since these states are not physical 
for the ordinary theory where the symmetric bound states of the su(2) are 
the physical ones. They are however physical states of the mirror theory 
[49]. In order to carry out the computation we have derived the full S-matrix 

7 After this paper appeared, the integer part of the result of [40] was corrected giving 
now exact agreement. 
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between the Q-bound state and a fundamental magnon, since in computing 
the F-term correction we have to sum over all 'polarization' states of the 
bound states. 

The resulting expression for the F-term contribution is 

^rappingE = (324 + 864C(3) - 1440C(5))/ (72) 

leading to the total anomalous dimension of the Konishi operator 

E = 4 + 12g 2 - 48# 4 + 336# 6 + (-2496 + 576C(3) - 1440C(5))# 8 + . . . (73) 

This result has the transcendentality structure expected from perturbative 
gauge theory point of view. Let us note that this is a very stringent test on 
the string theory result as generically e.g. when looking at poles or using 
the su(2) family of bound states (see appendix D) one obtains much more 
complicated expressions which are not expected from the point of view of a 
gauge theory perturbative computation. 

Our result coincides with the direct four-loop gauge theoretical compu- 
tation of [40] quoted in (71). Since the finite size effects are sensitive to 
all possible particles of the theory which circulate in the virtual loop, and 
moreover are very subtle at weak coupling where all bound states contribute 
equally, they are a very sensitive test of our knowledge of the details of the 
worldsheet string theory. The exact agreement is a very strong indication 
that the description of the light cone quantized superstring in AdS$ x S 5 in 
terms of magnons and bound states is complete. 

Moreover let us emphasize that the computation of the finite size correc- 
tions used in an essential way the language of two dimensional quantum field 
theory in order to describe weak coupling perturbative effects. The complete 
agreement with gauge theory is a very strong indication of the validity of the 
continuum worldsheet string theory description of these phenomena. 
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A Basis of projectors for the S-matrix com- 
putation 

The su(2) ® su(2) invariant projectors can be written in the form = 
ViDi where summation over the repeated indexes is understood. We made 
the following choices in parameterizing the scattering matrix: 



1 



2,21 2 i , 2 2 

W n „ + W„W n ^ . . . U> + • • • + W n W n 
clq a ai clq a cl\ 



D 1 — 



1 



Q\ dw\dw 2 ai . . . dw 2 



v 2 = -{w l w 2 -w 2 w l )w ai 



w 



D 



d 2 



d 2 



dw\dw% dw\dw\ 
1 



«Q-1 

QQ-1 



(Q-l)\dw 2 ai ...dw 2 



D 



d 2 



d 2 



de 2 de\ do 2 do\ 



i 



D 



. w 



(Q-l)\dw 2 ai ...dw 2 aQ _ i 

QQ-l Q2 



(Q-l)\dwl i dw 2 a2 ...dw 2 d6 2 d6 2 



^5 = l a W 2 ai ...W 2 



D 



d 1 



a Q 
QQ 



del q\ dw 2 ...dw, 



D 6 



d 



Q\dw 1 ai dw 2 a2 ...dw 2 dOl 



1 ( 1 2 1 2\ 2 2 n2 

v 7 = -( Wl w 2 - w 2 w 1 )w ai . . . w aQ 2 9 a 
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D 



10 



^8 



dei {Q-2)\dwi l ...dwi Q _ 2 aeiaei 
1 

d 2 



D* = 
D 9 -- 

VlO = 

d 2 

dw\dw 2 dw\dw\ 



d Q- 



d 2 



a Q-l 



QQ- 



90 2 ai d9i (g-l)!9<...9< 



(w\wl - w\wl)w, 



d 2 



a Q-i 



2 2 
dl • • ■ W a Q _ 3 u 3 u 4 



d 2 



(Q-3)\dw 2 ai ...dw 2 Q _ s dejoe 2 



These projectors are symmetric (A^)^ = A* for the (w^ = t^-t and 



tJt transformations. As a consequence the scattering matrix is also symmet- 
ric in terms of the coefficients a. 



B Coefficients of the S\-q S-matrix for the 
symmetric representation 

We calculated the elements of the S^q scattering matrix by demanding its 
commutation with the conserved charges and obtained the following result: 

5 _ X + - Z + fji 

a 5 ~ ~~T - 

x + — z rji 

a 5 ~ VQ-T+ =T _ ' °6 - VVt- TT — 

(x + — z ) rji (x + — Z ) T) 2 

at = O^il* 

X + — Z T]2 
9 _ X" - Z + fji fj 2 

x+ - z 771 772 
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I 10 

l 10 



a 7 = 



7 2 Z (x — Z + ){\— X Z + ) r] 2 

Q z + (x + — z~)(l — x~ z~) r] 2 
g x~(x~ — z + ){l — x + z~) 771 772 
8 2x + (x + — z~)(l — x~z~) rji r/2 

2 x~z~{x~ — z + ){l — x + z + ) fj2 



Q -lx+z+(x+ 


— z )(1 — X" z~ 




i x~ ' z~ 


~(x~ — z + ) 


V1V2 


^/Qx+z + (x + - 


- z~)(l — x~z~) 


V2 


i (x~ — x + )(x~ 


--z+)(z- - z + 


) V2 


VQ (x + - z~ 


■)(l-x-z-) 


VIV2 


3 2i x~z~ 


(x + - Z + )fjifj2 





yfQx + Z + (x + — Z )(1 — X Z ) 

2i (x~ — x + )(z~ — z + )(x + — z" [ 



a 2 = -1- 



a\ = 1 



Qx + z + (x + — z )(1 — x z )r]ir)2 
.Q — 1 x~z~{x~ — x + )fjl 

Q x + z + (x + — z~)(l — x~z~) 
.Q-l (z~ -z + f(x~ -x + ) 



Q (x + — z )(l — x z )r\\ 



a 



a 



1 



Q — 1 x~(x + — x~)(l — x + z~) ffe 

y/Q X+(X + - Z~)(l - X~Z~) 71x7)2 

,, _ Q - 1 x~(z + - z~)(l - x + z~) r)xr)2 
1 " y/Q x+(x+ - z-)(l -x-z-) 77I 

1 



a = 



Q(l + Q) z+(x+ - z-)(l - x-z- 



[2z~z + (Q + x~z~ - (1 + Q)x~z + ) 



+2x + {z + + z~(-l + Q(-l + x~z+)))] 
3 (— X~X + {1 + x~ z~ — 2x + z~) — (x + + x~( — 2 + x + z~))z + ) fji f]2 



a 3 = 



x + {x + — z )(1 — X z ) 



4 

a A = 



(Q-l) 



[x (Q((x ) 2 x + z —x (x + + z ) 



2Q(x+) 2 (x+ - z-)(l-x-z-) 

+x + z~(2 — x + z~)) — (x~ — x + )x + z~ \z~ 
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Here the parameters r] and fj are representing a freedom in choosing the 
basis in the fermionic generators. With the choice 

m = e^l\(x) , V2 = V (z) , fa = v(x) , fj 2 = e ip ^ 2 V (z) (74) 

the scattering matrix is symmetric. 



C Forward scattering element for general Q 

In this Appendix we express the forward scattering elements in terms of the 
scattering matrix we determined in the previous appendix. We focus on the 
symmetric representation and the 1 — Q scattering of the su(2) sector first. 
Recall that the forward scattering element can be written 

FSA\T Q {xt,x±,z±) = [S^tf^S^^z*)]™ (75) 

b 

Each individual scattering matrix has the form 

Si-q( x± , z± )(nj(ad) = S^\^,^)S^(^,^S^(^,^ (76) 

where we used the sw(2|2) <g> su(2|2) factorization of the problem. Due to 
this factorized form the forward scattering can be written as 



TpQAsym/ ± ± ±\ _ Q scalar,su(2) Q matrix,su(2) _ / 7? n 
r D/i l~Q\ X i 5 X iii Z ) — D l-Q D l-Q — K" ) 

\a,b=l J 

We choose the basis in the AQ dimensional bound-state representation as 
follows: For the range of the index a = 1, . . . , Q + 1 we associate a state 
w\w\ . . . w\w\ . . . w\ with exactly a — 1 of w\. For the range a = Q + 2, . . . , 2Q 
we do the analogous map to the state w\w\ . . . w\w\ . . . w\Q\Q\ but with a — 
2 — Q of w\. They form the bosonic subspace and thus have (— 1) F = 1. 
Nonzero matrix elements can be determined by transforming the scattering 
matrix into this basis. The diagonal ones can be expressed as 

S?$(x±, z±){l = Q + 2 + = \ \(x±, z±) + i^aiOr* ^) ; < = 1,...,Q + 1 

(78) 
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qsym i ± ±\li+Q+l _ i) 4 , ± ±\ , * ^ 10/ ± ±\ • _ i D_1 

(79) 

while the non-diagonal ones are determined by 

Sir Q (x\ = (i ~ ~ l) 4(x\ ; i = 2,...,Q (80) 

^g^,^)^^^^^,^) ; < = 1,...,Q-1 (81) 

For a = 2Q + 1, . . . , 3Q and a = 3Q + 1, . . . , 4Q we choose the basis as 
w\w\ . . . w\w\ . . . w\Q\ and w\w\ . . . w\w\ . . . w\Q\ with a — 1 — 2Q and a — 
1 — 3Q of W2, respectively. They form the fermionic basis, thus, corresponds 
to (— 1) F = —1, and have diagonal matrix elements only: 

r<sym i ± ±\li+2Q _ Q ~j~ \ _ ^6/± ±\ , \ ~ \ 7 / ± ±\ ■ _ i /O 

^l-gv^ > z )u+2Q — a 6V x ' 2 J" 1 2 aj ^ x ,z ' ' ^ — -?v 

(82) 

The other fermionic space gives the same contribution 

qsym, ± ±\li+3Q _ qsym ( ± ±\li+2Q . • _ i n /oo\ 

> z )li+3Q ~ °l-Q\ Jj i z JU+2Q ' t — 1, • • • , V 

Putting all these things together gives the matrix part S™q IX,su ^ 2 \x ± , z^). 

Let us use this result for the computation of the relevant forward scatter- 
ing amplitudes appearing in the Luscher type correction. In the case of the 
symmetric Q — 1 scattering we have to make the + <-> — substitution: 

FSAgU^xt, 4) = FSA s r Q (xf,xt **) (84) 

In the case of the antisymmetric representation and the sl(2) sector we have 
to replace the su{2) scalar part with the sl(2) scalar part, while for the matrix 
part we have to take 

S^ lx ' sl(2) (z ± , x±) = S^ ix ' su{2 \z^,x^) (85) 

D The case of symmetric representations 

In this appendix we would like to present the results of an analogous com- 
putation using the family of bound states which contains the su(2) bound 
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AE ,um = _ 7776 _ g72 Q 7 + 1080jr 2 + 4gjr 4 _ 60 4 8(; (3) _ 1440<;(5)+ 

+ (-7776 + 64SV3) V (0 » (^7^) + (-™ " i P > (5 + TT^j) + 

+ (2916 - 324iV3) i* (0) (l - -j=) + (2916 + 324i:V3) V <0) (l + -j=) + 

- (3240 - 540^) (5 " j^j) " (3240 4- 540^) + T^j) + 

4- i (-1512 4- 43W5) ^ Q - ^) + i (-1512 - 432.V5) *<» Q 4- ^) 4- 

Figure 1: The result for the symmetric representation bound states. 

states. These states lie in the symmetric representation of each su(2|2) 
factor. 

The scalar factor (47) for the forward scattering with the su(2) bound 
state takes the form 

Q.scalar,su(2) 

3(3(q + tQ) 2 + A)(q + tQ) 2 + lQ 
Q -' = 3 (3(q - iQ) 2 + 4) (q-iQ) 2 + 16 1 ' 

In the above formula there should also be 'string frame' phase factors (see 
[50, 49]). The ones involving the momenta of the two fundamental magnons 
which form the Konishi state cancel each other, while the ones involving 
the bound state combine with the (z~ /z + ) 2 factor to produce an effective 
length L = 4 as expected from the spin chain perspective. Thus the effective 
exponential factor is 

z~Y 256 g s 

(87) 



(q 2 + Q 2 Y 

Finally the matrix part can be evaluated to 



•<matrix,su(2) 576 Q 

(3q 2 + QiQq + Qiq - 3Q 2 - QQ - 4) z 



r<matrix,su(2) _ 

b Q-i ~ 7T~, ~ ~ — ~o — ^2 
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Again the resulting integral can be evaluated by residues with the result 



. su{2 ) _ 7776 6480 6048 4320 1440 1944 1944(Q + 1) 

A£/ n — — 1 — — h 



g g 2 g 3 g 4 g 5 g + i 3g 2 + i 

15552(g + l) 324(6g + 1) 324(138g + ll) 972(5g - 4) 



3Q 2 + QQ + A 3Q 2 -3Q + 1 3Q 2 + 3Q + 1 (3g 2 -3g + l) 
972(23g + 28) 648(3g-4) 648(8ig + 32) 



2 



(3g 2 + 3g + i)' (3g 2 -3g + ir (3g 2 + 3g + i) 3 

+ ^ 324(36g + ll) 

(3g 2 -3g + i) 4 (3g 2 + 3g + i) 4 

This expression can be summed over Q using Maple. Although we see the 
appearance of — 1440^(5), the remaining part of the answer has a very com- 
plicated transcendentality structure involving higher if) functions evaluated 
for imaginary irrational arguments (see figure 1) and it seems that it cannot 
be recast in the form of a linear combination of ( functions of odd argu- 
ments which seems to be required by gauge theory perturbative computa- 
tions. Comparing this result with the simplicity of the answer which used 
the antisymmetric si (2) bound states of the mirror theory we conclude that 
it is the physicality condition in the mirror theory which is relevant for the 
Liischer terms. 
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